For divisors over smooth projective varieties, we show that the volume can be characterized by the duality between pseudo-effective cone of divisors and movable cone of curves. Inspired by this result, we give and study a natural intersection-theoretic volume functional for 1-cycles over compact Kähler manifolds. In particular, for numerical equivalence classes of curves over projective varieties, it is closely related to the mobility functional.
Introduction
In this paper, all projective varieties are defined over C. The volume of a divisor on projective variety is a non-negative number measuring the positivity of the divisor. Let X be an ndimensional smooth projective variety, and let D be a divisor on X. By definition, the volume of D is defined to be vol(D) := lim sup m→∞ h 0 (X, mD) m n /n! .
Thus vol(D) measures the asymptotic growth of the dimensions of the section space of multiplied divisors mD. We call D a big divisor if h 0 (X, mD) has growth of order m n as m tends to infinity, that is, D is big if and only if vol(D) > 0. The pseudo-effective cone of divisors (denoted by E N S ) is the closure of the cone generated by numerical classes of big divisors. It contains the cone of ample divisors as a subcone. It is well known that the volume vol depends only on the numerical class of the divisor, and vol 1/n is homogeneous of degree one, concave on the pseudo-effective cone and extends to a continuous function on the whole real Néron-Severi space which is strictly positive exactly on big classes. In the analytical context, from the work [Bou02a, Bou02b] , we know that the volume can be characterized by Monge-Ampère mass, and from the work [Dem10] , it can even be characterized by Morse type integrals. In this paper, the starting point is to give a new characterization of the volume of divisors by using cone duality. From the seminal work of Boucksom-DemaillyPaun-Peternell (see [BDPP13] ), we know the duality of the pseudo-effective cone of divisors and the cone generated by movable curves, that is, E ∨ N S = M N S . Using this cone duality and an invariant of movable curve, we give the following new volume characterization of divisors by the infimum of intersection numbers between the pairings of E N S and M N S . Theorem 1.1. Let X be an n-dimensional smooth projective variety and let α ∈ N 1 (X, R) be a numerical class of divisor. Then the volume of α can be characterized as following:
max( α, γ , 0) n where M N S,1 is a subset of the movable cone M N S (see Definition 2.3). Conversely, this volume characterization implies the cone duality E ∨ N S = M N S . Furthermore, we can also replace the movable cone M N S by the Gauduchon cone G or balanced cone B which is generated by special hermitian metrics.
Remark 1.1. Under the conjecture on weak transcendental holomorphic Morse inequalities (see [BDPP13] ), the above result also holds true for any Bott-Chern (1, 1)-class over compact Kähler manifolds. In particular, even without this assumption, for any α ∈ H 1,1 BC (X, R) over a hyper-Kähler manifold X, we have vol(α) = inf γ∈M 1 max( α, γ , 0) n .
Inspired by the above volume characterization for divisors, using cone dualities, we introduce a volume functional for 1-cycles over compact Kähler manifolds. For smooth projective variety, by Kleiman's criterion, we have the cone duality Amp ∨ = N E where Amp is the ample cone generated by ample divisors and N E is the cone generated by irreducible curves. For ndimensional compact Kähler manifold, by Demailly-Paun's numerical characterization of Kähler cone (see [DP04] ), we have the cone duality K ∨ = N where K is the Kähler cone generated by Kähler classes and N is the cone generated by d-closed positive (n − 1, n − 1)-currents. Definition 1.1. (1) Let X be an n-dimensional smooth projective variety, and let γ ∈ N 1 (X, R) be a numerical equivalence class of curve. Let Amp 1 be the set containing all numerical classes of ample divisors of volume one. Then the volume of γ is defined to be vol N E (γ) = inf (2) Let X be an n-dimensional compact Kähler manifold, and let γ ∈ H n−1,n−1 BC (X, R) be a Bott-Chern (n − 1, n − 1)-class. Let K 1 be the set containing all Kähler classes of volume one. Then the volume of γ is defined to be
From its definition, it is clear vol N E (resp. vol N ) has concave property. It also has other nice properties. Theorem 1.2. Let X be an n-dimensional smooth projective variety (resp. compact Kähler manifold). Then vol N E (resp. vol N ) is a continuous function on the whole vector space
The functional vol N E is closely related to the mobility functional recently introduced by Lehmann (see [Leh13] ). Mobility functional for cycles was suggested in [DELV11] as an analogue of the volume function for divisors. The motivation is that one can interpret the volume of a divisor D as an asymptotic measurement of the number of general points contained in members of |mD| as m tends to infinity. Let γ be a numerical equivalence class of k-cycles over an ndimensional integral projective variety X, following [DELV11] , Lehmann defined the mobility of γ as following:
where mc(mγ) is the mobility count of the cycle class mγ, which is the maximal non-negative integer b such that any b general points of X are contained in a cycle of class mγ. In particular, we can define the mobility for numerical classes of curves. Lehmann proved that the mobility functional also distinguishes interior points and boundary points. Thus, in the situation of curves, combining with Theorem 1.2, we have two functionals with this property. It is interesting to compare mob and vol N E over N E. The optimistical expectation is that there are two positive constants c 1 , c 2 depending only on the dimension of the underlying manifold such that
for any γ ∈ N E. Moreover, we expect vol N E (γ) = mob(γ). In this paper, we obtain the positive constant c 2 by using Lehamnn's estimates of mobility count functional mc. In a subsequent joint work [LX15] with Lehmann, besides other results, we will obtain the positive constant c 1 . Indeed, for any fixed ample divisor A and boundary point γ ∈ ∂N E, it is not hard to obtain the asymptotic behaviour of the quotient mob(γ + εA n−1 )/ vol N E (γ + εA n−1 ) as ε tends to zero. Theorem 1.3. Let X be an n-dimensional smooth projective variety, and let N E be the closure of the cone generated by effective 1-cycles. Then for any γ ∈ N E, we have
And for any fixed ample divisor A and boundary point γ ∈ ∂N E, there is a positive constant c(A, γ) such that mob(γ + εA n−1 ) ≥ c(A, γ)ε vol N E (γ + εA n−1 ). In particular, we have lim inf
With respect to our volume functional vol N , we want to study Fujita type approximation results for 1-cycles over compact Kähler manifolds. In this paper, following Boucksom's analytical version of divisorial Zariski decomposition (see [Bou04] , [Bou02b] ) (for the algebraic approach, see [Nak04] ), we study Zariski decomposition for 1-cycles. In divisorial Zariski decomposition, the negative part is an effective divisor of Kodaira dimension zero, and indeed it contains only one positive (1, 1)-current. In our setting, we can prove this fact also holds for big 1-cycles. Comparing with other definitions of Zariski decomposition for 1-cycles (see e.g. [FL13] ), effectiveness of the negative part is one of its advantage. Using his characterization of volume by Monge-Ampère mass, Boucksom showed that the Zariski projection preserves volume. It is also expected that in our setting the Zariski projection preserves vol N . Indeed, this follows from our another kind of Zariski decomposition for 1-cycles developed in [LX15] , which is more closely related to vol N . Theorem 1.4. Let X be an n-dimensional compact Kähler manifold and let γ ∈ N • be an interior point. Let γ = Z(γ) + {N (γ)} be the Zariski decomposition in the sense of Boucksom, then N (γ) is an effective curve and it is the unique positive current contained in the negative part {N (γ)}. As a consequence, this implies vol N ({N (γ)}) = 0. Moreover, we have vol N (γ) = vol N (Z(γ)).
2 Characterizing volume for divisors 2.1 Technical preliminaries
Smoothing movable classes
Besides the well known cone duality E ∨ N S = M N S , we also have cone dualities between the cone defined by positive currents and the cone defined by positive forms. They provide a method to smooth movable classes, which will be useful in volume characterization by using special metrics.
Let X be an n-dimensional compact complex manifold, then we have Bott-Chern cohomology groups H
•,• BC (X, K) and Aeppli cohomology groups H
Definition 2.1. Let X be an n-dimensional compact complex manifold.
(1) The cone E is defined to be the convex cone in H 1,1 BC (X, R) generated by d-closed positive (1, 1)-currents; (2) The cone E A is defined to be the convex cone in H Proposition 2.1. Let X be an n-dimensional compact complex manifold, then we have E ∨ = G and E ∨ A = B Proof. Indeed, the above cone dualities are consequences of geometric Hahn-Banach theorem, for example, one can see [Sul76] , [Lam99] or [Tom10] . For reader's convenience, let us sketch its proof. Firstly, we prove E ∨ = G. A (X, R) and H n−1,n−1 BC (X, R), this implies the cone duality
Recall that the cone of movable curves M N S is generated by numerical equivalence classes of curves of the form µ * (Ã 1 ∧ ... ∧Ã n−1 ), where µ :X → X ranges among all modifications with X smooth projective andÃ 1 , ...,Ã n−1 range among all ample divisors overX. And its transcendental version is the movable cone M ⊆ H n−1,n−1 BC (X, R) over a compact Kähler manifold X. M is the cone generated by all the Bott-Chern classes of the form [µ * (ω 1 ∧ ... ∧ω n−1 )] BC , where µ :X → X ranges among all modifications withX Kähler andω 1 , ...,ω n−1 range among all Kähler metrics overX.
Our first observation is that any current µ * (ω 1 ∧ ... ∧ω n−1 ) can be smoothed to be a Gaudu-
Proposition 2.2. Let µ :X → X be a modification between compact complex manifold, and letG be a Gauduchon metric onX. Then µ * G can be smoothed to be a Gauduchon metric
Proof. From the cone duality E ∨ = G, in order to prove [µ * G ] A ∈ G, we only need to verify that [µ * G ] A is an interior point of E ∨ (= G). For any α ∈ E \ {[0] BC }, since the pull-back µ * α is also pseudo-effective, we have
Take a positive currentT ∈ µ * α, then we have
By the strictly positivity ofG, G ∧T = 0 if and only ifT = 0, and this contradicts to our 
Indeed, the current µ * (ω 1 ∧ ... ∧ω n−1 ) can not only be smoothed to be a Gauduchon class, it can also smoothed to be a balanced metric B such that [µ * (ω 1 ∧...∧ω n−1 )] BC = [B] BC . From the proof of Proposition 2.2, we see that a key ingredient is that the pull-back of cohomology class in E contains positive currents. Analogue to this fact, due to a result of [AB95] , one can also always pull back Aeppli class in E A and get dd c -closed positive (1, 1)-currents on the manifold upstairs.
Lemma 2.1. (see [AB95] ) Let µ :X → X be a modification between compact complex manifold, and let T be a dd c -closed positive (1, 1)-current on X. Then there exists an unique dd c -closed
We remark that the above fact is already used by Toma (see [Tom10] ), and the following proposition is essentially due to Toma. Proof. Similar to the proof of Proposition 2.2, we only need to show
And as a consequence, there exists a balanced metric
An invariant of movable classes
In this subsection, we introduce an (universal) invariant M for movable, balanced or Gauduchon classes. This invariant is defined by cone duality and intersection numbers. We will see that they coincide with the volume of Kähler classes if the cohomology classes are given by the (n − 1)-power of Kähler classes.
Definition 2.2. Let X be an n-dimensional compact Kähler manifold, and let γ be a movable (or balanced, or Gauduchon) class. Let E 1 be the set of pseudo-effective classes of volume one. Then the invariant M(γ) is defined as following:
Remark 2.1. In the case when X is a smooth projective variety, we can also define M(γ) for γ ∈ M N S . In this situation, the parings β, γ are the parings of numerical equivalence classes of divisors and curves.
Remark 2.2. Recall that we have the cone dualities E ∨ = G and E ∨ A = B. Indeed, under the assumption of the conjectured transcendental cone duality E ∨ = M (see [BDPP13] ), the movable cone M, the balanced cone B and the Gauduchon cone G should be the same, that is, [FX14] ). This is why we call M is an universal invariant associated to movable, balanced and Gauduchon classes over compact Kähler manifolds.
It is clear that, from its definition, we have
Proposition 2.4. Let X be an n-dimensional compact Kähler manifold, and let γ = ω n−1 for some Kähler class ω, then we have M(γ) = vol(ω).
On the other hand, we claim that, for any β ∈ E with vol(β) = 1, we have
This is just the Khovanskii-Teissier inequality which follows from the singular version of CalabiYau theorem (see [Bou02a] ): there exists a positive (1, 1)-current T ∈ β such that T n ac = Φ almost everywhere, where Φ = ω n /vol(ω) and T ac is the absolutely continuous part of T with respect to Lebesgue measure. Here we use the same symbol ω to denote a Kähler metric in the Kähler class ω. Then we have
This implies the claim, thus finishing our proof.
An easy corollary is the strictly positivity of M.
Corollary 2.1. Let X be an n-dimensional compact Kähler manifold, and let γ ∈ G (resp. M or B) be an interior point, then we have M(γ) > 0.
Next let µ :X → X be a modification between compact Kähler manifolds, we want to study the behaviour of M under µ. Firstly, we need the following elementary fact on the transform of the volume of pseudo-effective (1, 1)-classes under bimeromorphic maps.
Lemma 2.2. Let µ :X → X be a modification between n-dimensional compact Kähler manifolds. Assume β ∈ E is a pseudo-effective class on X, then vol(β) = vol(µ * β); Assumeβ ∈ E is a pseudo-effective class onX, then vol(β) ≤ vol(µ * β ).
Proof. Recall that the volume of β is defined to be the supremum of Monge-Ampère mass, that is,
where T ranges among all positive (1, 1)-currents in the class β. For any positive current T ∈ β, we obtain a positive current µ * T ∈ µ * β. By the definition of the absolutely part with respect to Lebesgue measure, we have (µ * T ) ac = µ * T ac . And T ac is a (1, 1)-form with L 1 loc coefficients. In particular, analytic subset is of zero measure with respect to the measure T n ac , which yields
This implies vol(µ * β) ≥ vol(β). On the other hand, for any positive currentT ∈ µ * β, we get a positive current µ * T ∈ β. By (µ * T ) ac = µ * Tac , we obtain vol(µ * β) ≤ vol(β). All in all we have vol(β) = vol(µ * β). Similarly, it is also easy to see vol(β) ≤ vol(µ * β ) for anyβ ∈ E.
Now we can show that M has the same property as vol under bimeromorphic maps. We only state the result for Kähler manifolds. It is clear that M admits an extension to the closure of G (resp. M or B).
Proof. We firstly consider the pull-back case. By Lemma 2.2, for any fixedβ ∈Ẽ with vol(β) = 1, we have β , µ
This clearly implies M(µ * γ) ≥ M(γ). For the other direction, for any fixed β ∈ E with vol(β) = 1, using Lemma 2.2 again, we have
Thus, M(µ * γ) ≤ M(γ), and as a consequence, we finish the proof of M(µ * γ) = M(γ). For the push-forward case, the proof of M(γ) ≤ M(µ * γ ) is the same.
We remark that the inequality M(γ) ≤ M(µ * γ ) is important in the characterization of the volume of divisors in the following section.
Volume characterization
In this section, using the invariant M introduced in the previous section, we show the volume of divisors can be characterized by cone duality.
Definition 2.3. Let X be an n-dimensional smooth projective variety, and let M N S be the cone of movable curves. Then M N S,1 is defined to be the subset containing all γ ∈ M N S with M(γ) = 1. Similarly, for compact Kähler manifolds, we can define G 1 , M 1 and B 1 in the same way.
Theorem 2.1. Let X be an n-dimensional smooth projective variety and let α ∈ N 1 (X, R) be a numerical equivalence class of divisor. Then the volume of α can be characterized as following:
Conversely, this volume characterization implies the cone duality E ∨ N S = M N S . Moreover, we can also replace the cone of movable curves by Gauduchon or balanced cone, that is,
Proof. We first consider the case when α is not pseudo-effective, by the definition of volume of divisors, it is clear vol(α) = 0. On the other hand, the cone duality E ∨ N S = M N S implies there exists some interior point γ ∈ M N S such that α, γ < 0. Furthermore, using Corollary 2.1, we can even normalize γ such that M(γ) = 1. Thus inf
Next consider the case when α is given by a big divisor. By the very definition of M, for any
In particular, for any γ ∈ M N S,1 , this yields α, γ ≥ vol(α) 1 n . Thus we have
In order to prove the equality, we need to show that, for any ε > 0, there exists a movable class
This mainly depends on approximating Zariski decomposition of Kähler currents and orthogonality estimates of the decomposition (see [BDPP13] ). Since α is given by a big divisor, for any δ > 0, there exists a modification µ δ : X δ → X such that µ * δ α = β δ + [E δ ] with β δ given by an ample divisor and E δ given by an effective divisor. Moreover, we also have
and
where c is a positive constant depending only on the class α and dimension n. Applying (1) and (2) to α, µ δ * β n−1 δ , we get
Next by Proposition 2.4 and Proposition 2.5, we know that
We claim that γ δ := µ δ * (β
n−1 n is our desired movable class. Firstly, by the definition of M, it is obvious that M(γ δ ) = 1. Secondly, by using (1) and (6), we can estimate α, γ δ as following:
Thus, for any ε > 0, we can choose some δ(ε) > 0, such that γ δ(ε) is our desired movable class. In summary, we have finished the proof of the equality
for big class α.
In the case when α lies on the boundary of E N S , for any ε > 0 and ample divisor A, apply the above proved equality for α + εA, we have
Take inf on both sides with respect to ε > 0, we get the equality for boundary class. Xia13] , [Pop14] ), then we will also have orthogonality estimates for interior points of E (see [BDPP13] ). By the arguments above, we will have volume characterization for any Bott-Chern (1, 1)-class α, that is,
Moreover, this implies the cone duality E ∨ = M. Thus it is natural to ask whether one can prove this volume characterization without using orthogonality estimates of approximation Zariski decomposition. And this also provides new perspectives to prove the conjectured cone duality
3 Volume functional for 1-cycles
Definition and properties
Inspired by Theorem 2.1, using cone dualities, we introduce a volume functional for the numerical equivalence class of curves over smooth projective varieties and a volume functional for BottChern (n − 1, n − 1)-classes over compact Kähler manifolds. For smooth projective variety, we have the ample cone Amp generated by ample divisors and the cone N E generated by irreducible curves. Then we have the cone duality
which is just Kleiman's criterion. For n-dimensional compact Kähler manifold, we have Kähler cone K generated by Kähler classes and the cone N generated by d-closed positive (n − 1, n − 1)-currents. Then we have the cone duality
which follows from Demailly-Paun's numerical characterization of Kähler cone (see [DP04] ). Now we can give the following definition.
Definition 3.1.
(1) Let X be an n-dimensional smooth projective variety, and let γ ∈ N 1 (X, R) be a numerical equivalence class of curve. Let Amp 1 be the set containing all numerical classes of ample divisors of volume one. Then the volume of γ is defined to be
(2) Let X be an n-dimensional compact Kähler manifold, and let γ ∈ H n−1,n−1 BC (X, 
with a, b ∈ R + be a nef class, then the volume of α is as following
Consider the 1-cycle γ(x, y) = xπ * H 2 + yπ * H · L with x, y ≥ 0, then we have
From the above expressions, we have an explicit formula of vol N E . In particular, if we take
The volume functionals vol N and vol N E have many nice properties. For simplicity, we only state the result for vol N . The argument for vol N E is similar. Proof. Property (1) just follows from the definition of vol N . Now let us first prove property (3). Let γ ∈ N • be an interior point, we want to show that vol N (γ) > 0. γ ∈ N • means that there exists some Kähler class ω such that γ − ω n−1 ∈ N , this implies vol N (γ) ≥ vol N (ω n−1 ). We claim that vol N (ω n−1 ) = vol(ω), 
Since θ ∈ K \ {[0] BC }, the class θ contains at least one non-zero positive current, then we have θ, ω n−1 > 0. And we have
Using θ, γ = 0, we get ρ ε ≤ O(ε 1/n ). Thus, vol N (γ) = 0. In conclusion, we have proved that γ ∈ N • if and only if vol N (γ) > 0. Next we consider the continuity of vol N , thus proving property (2). Since concave function defined in a convex set is continuous in the interior. In order to show the continuity of vol N , we need to verify lim 
The arguments are similar with the estimation of ρ ε , but with little modification. Once again, using the fact γ ∈ ∂N \ {[0] BC }, there exists some θ ∈ K \ {[0] BC } such that θ, γ = 0. We consider the following intersection number ρ δ,ε := θ + δω vol(θ + δω) 1/n , γ + εω n−1 (10) with δ positive to be determined. Using θ, γ = 0 and θ, ω n−1 > 0 again, it is easy to see that
Take δ = ε, we get ρ δ,ε ≤ O(ε 1/n ), which implies
thus finishing the proof of continuity.
We give a new interpretation of our volume functional as the infinimum of a family of geometric norms. We only work for vol N , and the arguments go through mutatis mutandis for the volume functional vol N E . (X, R), we define ||η|| α as following:
It is clear that the above || · || α is a norm, since it is just the sum of absolute values of the coordinates with respect to the basis α 1 , ..., α d . Now, for γ ∈ N , we have α i , γ ≥ 0. And this implies
Now by the definition of vol N , we have the following proposition.
Proposition 3.1. Let X be an n-dimensional compact Kähler manifold, then for γ ∈ N we have vol
Relation with mobility
In this section, we focus on comparing vol N E and Lehmann's mobility functional mob for 1-cycles over smooth projective variety. Firstly, let us recall the definition of mobility of numerical equivalence classes of curves. Let γ be a 1-cycle class over X of dimension n, the mobility of γ is defined as following:
where mc(mγ) is the mobility count of the 1-cycle class mγ defined as the maximal non-negative integer b such that any b general points of X are contained in a 1-cycle of class mγ. From Theorem 3.1 and Theorem A in [Leh13] , both functionals take positive values exactly in N E
• and are continuous over N E. Moreover, both of them are homogeneous over N E, it is natural to propose the following question.
Conjecture 3.1. Let X be a smooth projective variety, then mob = vol N E , or at least there exist two positive constants c 1 and c 2 depending only on the dimension of X such that
We observe that the constant c 2 is provided by the upper bound estimation of mobility count. For any fixed ample divisor A and boundary point γ ∈ ∂N E, it is clear that if we can find a positive constant c(A, γ) such that lim inf ε→0 mob(γ + εA n−1 )
then we can obtain the desired uniform constant c 1 . In this direction, we can get a weaker asymptotic behaviour as ε tends to zero.
Theorem 3.2. Let X be an n-dimensional smooth projective variety. Then for any γ ∈ N E, we have
And for any fixed ample divisor A and boundary point γ ∈ ∂N E, there is a positive constant c(A, γ) such that mob(γ + εA n−1 ) ≥ c(A, γ)ε vol N E (γ + εA n−1 ).
In particular, we have lim inf
Proof. The upper bound c 2 relies on the estimations of mobility counts. By homogeneity and continuity, we only need to consider the case when γ is given by a 1-cycle with Z-coefficients. We need Lehmann's upper bound estimation (see Theorem 6.24 of [Leh13] ): let A be a very ample divisor and let s be a positive integer such that A, γ ≤ svol(A), then
Indeed, by inspection of the proof of Theorem 6.24 of [Leh13] , any real number s ≥ 1 is sufficient for the above estimation of mc(γ). Fix a Q-ample divisor α, then there exists a positive integer m α such that m α α is very ample. And for this very ample divisor m α α, there exists a positive integer k α such that
for all positive integer k ≥ k α Applying Lehmann's mobility count estimation to kγ when A = m α α and s = mαα,kγ vol(mαα) , we get
This yields the upper bound of mob(γ):
Since any point of the ample cone can be approximated by Q-ample divisors, we obtain our desired
Now let us consider the lower bound. In the proof of Theorem 3.1 (see (9)- (12)), we obtain the estimation of vol N (γ + εω n−1 ). Using similar argument, we can get the same estimation of vol N E (γ + εA n−1 ) with γ ∈ ∂N E and A ample, that is,
By the basic property of mobility functional (see Lemma 6.17 of [Leh13] ), we have
Thus we get
for some positive constant c(A, γ). In particular, we have lim inf
Remark 3.2. In order to obtain such an uniform lower bound c 1 , what we expect is a better estimation of mob(γ + εA n−1 ), that is,
as ε tends to zero. To obtain this, we need deeper understanding of mob.
Remark 3.3. Just from its definition, the mobility functional mob seems very hard to compute. For example, even in the case of complete intersection of ample divisor (see Question 7.1 of [Leh13] ), we do not know how to calculate its mobility. However, using our volume functional, we have seen that vol N E (A n−1 ) = vol(A) for any ample divisor A. For the concavity of mob, it is conjectured (see Conjecture 6.20 of [Leh13] ) that
n−1 n .
For our vol N E , concavity just follows from its definition (see Theorem 3.1). Thus concavity of mob will follow if we can prove mob = vol N E .
Towards Fujita approximation for 1-cycles
In the work of [FL13] , Fulger and Lehmann proved the existence of Zariski decomposition for big cycles with respect to mobility functional. Moreover, they also proved a Fujita type approximation for numerical class of curves. Our goal is to give such a Fujita type approximation for Bott-Chern classes of d-closed positive (n−1, n−1)-currents over compact Kähler manifolds with respect to our volume functional vol N , thus also give a Fujita type approximation for numerical class of curves over projective variety with respect to vol N E . Analogue to Fujita approximation for Kähler currents (see inequality (1)), one may conjecture the following:
Let X be an n-dimensional compact Kähler manifold and let γ ∈ N • . Then for any ε > 0, there exists a proper modification µ : X → X with X Kähler such that
, where β ε is an interior point of movable cone M (or balanced cone B) and C ε is an effective curve.
Indeed, if we have the decomposition µ * γ = β ε + [C ε ], then we have γ − µ * β ε ∈ N . This implies vol N (µ * β ε ) ≤ vol N (γ). Now similar to Proposition 2.5, it is easy to see vol N (β ε ) ≤ vol N (µ * β ε ). Thus the above expected decomposition automatically implies vol N (β ε ) ≤ vol N (γ). Unfortunately, the pull-back µ * γ need not to be a pseudo-effective class in general. Note that µ * γ is pseudo-effective over X if and only if µ * γ,α ≥ 0 for any Kähler classα, which is equivalent to γ, µ * α ≥ 0. In general, µ * α is not a nef class on X. By the cone duality K ∨ = N , we have γ, µ * α < 0 if µ * α / ∈ K. Anyhow, if γ ∈ M is movable, then its pull-back µ * γ is also movable (thus pseudo-effective). For movable classes, it is possible to obtain the conjectured decomposition µ * γ = β ε + [C ε ] with desired properties.
To prove Fujita approximation for γ with respect to our volume functional, the first step of our strategy is to decompose γ over the underlying manifold X into some "good" part with its volume near the volume of γ. We also call it the positive part, and call the difference the negative part. Here "good" means we can find a positive current in the class with less singularities, then we may get a movable or balanced class from its pull-back on some Kähler manifold X such that its volume is as near vol N (γ) as possible (this will be developed in our subsequent work [LX15] ). Besides the desired positive part, we also want to obtain some effective curve from such a decomposition. For the Zariski decomposition of Fulger and Lehmann, in general the negative part is not the class of an effective curve (see Example 5.18 of [FL13] ). In the work [Bou04], Boucksom defined a beautiful divisorial Zariski decomposition for any pseudo-effective (1, 1)-class over compact complex manifolds. Boucksom's definition is totally analytic which depends on Siu decomposition of positive currents (see [Siu74] ). And it can be seen as a cohomology version of Siu decomposition. As Siu decomposition holds for d-closed positive currents of any bidegree, the method of Boucksom provides a possible Zariski decomposition for pseudoeffective (n − 1, n − 1)-classes. However, unlike the (1, 1)-classes, we do not have an analogue of Demailly's regularization theorem (see [Dem92] ) for d-closed positive (n − 1, n − 1)-currents. We know little about the singularities of such currents. Thus we can not expect too much about such decompositions. Following Boucksom's method of divisorial Zariski decomposition, we give such a decomposition for pseudo-effective (n − 1, n − 1)-classes. It shares many nice properties with divisorial Zariski decomposition.
Firstly, we give the definition of minimal multiplicity.
Definition 3.2. Let X be an n-dimensional compact Kähler manifold with a Kähler metric ω, and let γ ∈ N be a pseudo-effective (n − 1, n − 1)-class.
(1) The minimal multiplicity of γ at the point x is defined to be
where T ε ∈ γ ranges among all currents such that T ε ≥ −εω n−1 (we also denote this set by γ[−εω n−1 ]) and ν(T ε , x) is the Lelong number of T ε at x.
(2) For any irreducible curve C, the minimal multiplicity of γ along C is defined to be
Remark 3.4. It is easy to see that ν(γ, x) is finite. And ν(γ, C) = ν(γ, x) for a generic point x ∈ C, here generic means outside at most countable union of analytic subsets.
Definition 3.3. Let γ ∈ N be a pseudo-effective (n − 1, n − 1)-class, the negative part N (γ) of γ is defined to be N (γ) := ν(γ, C)[C], where C ranges among all irreducible curves on X. And the positive part Z(γ) of γ is defined to be Z(γ) := γ − {N (γ)}. And we call γ = Z(γ) + {N (γ)} the Zariski decomposition of γ.
Intuitively, the positive part Z(γ) should share almost all positivity of γ and the negative part should have very little positivity. Indeed, in the divisorial Zariski decomposition case, using his volume characterization by Monge-Ampère mass, Boucksom showed that vol(α) = vol(Z(α)) for any α ∈ E over compact Kähler manifolds. In our setting, one way to compare the positivity of Z(γ) and γ is to compare their respective volumes vol N (Z(γ)) and vol N (γ). For the negative part {N (γ)}, like the one in divisorial Zariski decomposition, we find N (γ) is an effective curve which is very rigidly embedded in X if we assume γ is an interior point. This is an advantage compared with the other decompositions (e.g. the decompositions in [FL13] and [LX15] ).
Remark 3.5. From Theorem 3.1, it is clear that vol N (γ) = vol N (Z(γ)) = 0 if γ ∈ ∂N . And by the concavity of vol N , the equality vol N (γ) = vol N (Z(γ)) will imply vol N ({N (γ)}) = 0. Theorem 3.3. Let X be an n-dimensional compact Kähler manifold and let γ ∈ N • be an interior point. Let γ = Z(γ) + {N (γ)} be the Zariski decomposition in the sense of Boucksom, then N (γ) is an effective curve and it is the unique positive current contained in the negative part {N (γ)}. As a consequence, this implies vol N ({N (γ)}) = 0. Moreover, we have vol N (γ) = vol N (Z(γ)).
Proof. We first prove the first part of the above theorem. Indeed, as the Zariski decomposition here is an (n − 1, n − 1)-analogue of Boucksom's divisorial Zariski decomposition, the statement concerning N (γ) can be proved using almost the same arguments as in [Bou04] . In [Bou04] , some arguments use Demailly's regularization theorem. As we do not have such a regularization theorem for (n − 1, n − 1)-currents, for reader's convenience, we present the details here. The assumption γ ∈ N • will play the role as Demailly's regularization theorem in the divisorial Zariski decomposition situation.
We first show the claim ( * ): Proof. To prove this, we only need to verify ν(γ, x) = inf 0≤T ∈γ ν(T, x) for any point x, then we will
From the definition of ν(γ, x), we only need to prove
As γ ∈ N • , there exists a positive current T ∈ γ such that T ≥ β n−1 for some Kähler metric β. Fix ε > 0, for any δ > 0 there exists a current T ε,δ ∈ γ[−εβ n−1 ] such that
where T ε ranges among γ[−εβ n−1 ]. Since T ≥ β n−1 , we have (1 − ε)T ε,δ + εT ≥ ε 2 β n−1 which is a positive current in γ, thus
Now let δ → 0 and then let ε → 0, we get the desired inequality ν(γ, x) ≥ inf Proof. Once again, γ ∈ N • implies there exists a positive current T ∈ γ such that T ≥ β n−1 for some Kähler metric β. Apply Siu decomposition to the d-closed positive current T − β n−1 :
for some residue positive current R. Then the definition of N (γ) implies
Indeed, by the above arguments, Siu decomposition also shows that any positive current in Z(γ) are of the form T − N (γ) for some positive current T ∈ γ. With Lemma 3.2 and this fact, we get
= inf
Proof. By the definition of Z(·), it is easy to see that
And this yields Z({N (γ)}) = 0, which is equivalent to the equality {N (γ)} = {N ({N (γ)})}. Now we can finish the proof of claim ( * ). Firstly, by the definition of N ({N (γ)}) and Siu decomposition, we have N (γ) ≥ N ({N (γ)}). As Lemma 3.4 shows they lie in the same BottChern class, we must have N (γ) = N ({N (γ)}). For any positive current T ∈ {N (γ)}, using Siu decomposition and the definition of N ({N (γ)}) again, we have
Thus T = N (γ), and N (γ) is the unique positive current in the class {N (γ)}. Next we show N (γ) is an effective curve, that is, it is a finite sum of irreducible curves. Indeed, we will show N (γ) is a sum of at most ρ = dim R N 1 (X, R) irreducible curves. This follows from the following lemma. Proof. Take finite curves C 1 , ..., C k ∈ S, and let Γ = Finally let us prove Zariski projection preserves vol N . By the decomposition developed in [LX15] , we know γ ∈ N • can be uniquely decomposed as following:
with B γ nef big, B γ , ζ γ = 0, vol N (B n−1 γ ) = vol N (γ) and ζ γ ∈ ∂N . Denote by the same symbol B γ a smooth (1, 1)-form in the class B γ . Since B γ is nef, for any ε > 0 there exists a smooth function ψ ε such that B γ + εω + i∂∂ψ ε > 0. From this, it is easy to see for any ε > 0 there exists a smooth (n − 2, n − 2)-form Ψ ε such that
Denote by T γ a positive (n − 1, n − 1)-current in the class ζ γ , then
And by the definition of minimal multiplicity (see Definition 3.2), we get
The last line follows because Ω ε is smooth. By Siu decomposition, the above inequality implies
Combining with vol N (γ) ≥ vol N (Z(γ)) and vol N (γ) = vol N (B n−1 γ ), we finish the proof of the equality vol N (γ) = vol N (Z(γ)).
Remark 3.6. It will be interesting to know whether the statement for N (γ) in Theorem 3.3 is still true for γ ∈ ∂N . Our above arguments show that the assumption γ ∈ N • is important in Lemma 3.2. And we need Lemma 3.2 to prove the other lemmas.
Remark 3.7. One may expect that Z(γ) could be represented by some positive smooth (n − 1, n − 1)-form, more precisely, one may expect Z(γ) ∈ M. Thus, by Proposition 2.2 and Proposition 2.3, there exists a smooth positive (n − 1, n − 1)-form in the class Z(γ) if Z(γ) is an interior point of M. However, in general, Z(γ) could not be a movable class. Let π : X → P 3 be the blow-up along a point, and let E = P 2 be the exceptional divisor. Let ω F S be the Fubini-Study metric of P 3 and let P 1 ⊆ E be a line of E, then we claim that
Firstly, it is easy to see {π * (ω 2
For any point x, we can always choose an integration current in the class [P 1 ] but with its support avoiding x. Then we have ν({π * (ω 2 F S ) + [P 1 ]}, x) = 0, which yields the equality
Since we have {π * (ω 2 F S ) + [P 1 ]} · E = −1, the class {π * (ω 2 F S ) + [P 1 ]} can not be movable. Comparing with the Zariski decompositions developed in [FL13] and [LX15] , Z(γ) not always being movable is its disadvantage in many applications. Anyhow, if γ ∈ N • , then Lemma 3.2 and Lemma 3.3 show that we can always choose a positive current in the class Z(γ) with its Lelong number along any curve being arbitrarily small. In some sense, this means that Z(γ) is less singular than γ. Indeed, Z(γ) ∈ K if X is a Kähler surface.
At the end of this section, we show that Zariski decomposition for 1-cycles is trivial for compact Kähler manifold with nef tangent bundle.
Proposition 3.2. Let X be a compact Kähler manifold with nef tangent bundle, then γ = Z(γ) for any γ ∈ N . Indeed, we will have γ = Z(γ) ∈ M.
Proof. This follows from Demailly's regularization theorem of positive (1, 1)-currents and our previous work on transcendental holomorphic Morse inequality.
If T X is nef, then K = E (see Corollary 1.5 of [Dem92] ). Now let α, β ∈ K be two nef classes such that α n − nα n−1 · β > 0, then α − β must be an interior point of E (see [Xia13] , [Pop14] ). By K = E, α − β must be a Kähler class. In particular, α − tβ ∈ K for t ∈ [0, 1].
Consider the difference vol(α − β) − vol(α), we have
Using the same arguments as [BDPP13] , this of course implies the cone duality E ∨ = M. And this yields E ∨ = M = B (see e.g. [FX14] ). Using K = E again,
Since γ ∈ N = B, for any ε > 0 there exists a smooth (n−1, n−1)-form Ω ε ∈ γ such that Ω ε ≥ −εω n−1 . Now by the definition of minimal multiplicity (see Definition 3.2), we get ν(γ, x) = 0 for every point, yielding N (γ) = 0. This implies γ = Z(γ).
4 Further discussions
Another invariant of movable class
As remarked in the previous section, under the assumption of the conjecture on transcendental holomorphic Morse inequality, we will have M = G = B. And invariant of Gauduchon or balanced classes would be invariant of movable class. Inspired by our previous work [FX14] , we introduce another invariant M CY of Gauduchon class by using form-type Calabi-Yau equations (or complex Monge-Ampère equations for (n − 1)-plurisubharmonic functions) (see [FWW10] , [TW13a] , [TW13b] ).
Definition 4.1. Let X be an n-dimensional compact Kähler manifold, and let γ be a Gauduchon class. Then we define M CY (γ) as following:
where c Φ,ω is a positive constant satisfying ω n = c Φ,ω Φ such that Φ is a smooth volume form with Φ = 1 and ω n−1 ∈ γ is a Gauduchon metric.
Assume γ = α n−1 for some α ∈ K, we prove that M CY (γ) = vol(α).
Proposition 4.1. Let X be an n-dimensional compact Kähler manifold, and let γ = α n−1 for some Kähler class α. Then we have M CY (γ) = vol(α).
Proof. Firstly, since α is a Kähler class, by Calabi-Yau theorem (see [Yau78] ), there exists an unique Kähler metric α u ∈ α such that α n u = vol(α)Φ. In particular, c Φ,αu = vol(α), thus vol(α) ≤ M CY (γ). We claim that, for any Φ, ω in the definition of M CY (γ), we have c Φ,ω ≤ vol(α).
For any fixed such Φ, ω, we first apply Calabi-Yau theorem to find a Kähler metric α ψ such that Using the following pointwise inequality
n ω n and ω n−1 ∈ γ = α n−1 being Gauduchon, we estimate vol(α) as following:
This of course implies M CY (γ) ≤ vol(α). Combining with vol(α) ≤ M CY (γ), we get the desired equality M CY (γ) = vol(α).
Note that M CY is an analytical invariant by solving non-linear PDEs, and M is an intersectiontheoretic invariant. It will be very interesting to compare M CY and M, and we have the following proposition.
Proposition 4.2. Let X be an n-dimensional compact Kähler manifold, and let γ be a Gauduchon class. Then we always have M CY (γ) ≤ M(γ). Moreover, they coincide over Kähler classes, that is, M CY (α n−1 ) = M(α n−1 ) for any Kähler class α.
Proof. For any smooth volume form Φ with Φ = 1 and any β ∈ E with vol(β) = 1, by the singular version of Calabi-Yau theorem (see [Bou02a] ), there exists a positive (1, 1)-current T ∈ β such that T n ac = Φ almost everywhere. Now for any Gauduchon metric ω n−1 ∈ γ in the definition of c Φ,ω , we get
n−1 n Φ = c n−1 n Φ,ω .
Since β, ω n−1 and Φ are (conditionally) arbitrary, we get M CY (γ) ≤ M(γ). By Proposition 2.4 and Proposition 4.1, we have M CY (α n−1 ) = M(α n−1 ) for any Kähler class α.
Remark 4.1. The above proposition also implies that M CY (γ) is always well defined over compact Kähler manifolds, that is, M CY (γ) < ∞, which is not explicit from its definition.
Remark 4.2. Let X be an n-dimensional compact Kähler manifold, we do not know whether M CY (γ) = M(γ) for any γ ∈ G. As we always have M CY (γ) ≤ M(γ), we only need to show M CY (γ) ≥ M(γ). We also want to know the behaviour of M CY under bimeromorphic maps (compare with Proposition 2.5). In particular, we do not know whether we have M CY (µ * γ ) ≥ M CY (γ). If this would be true, then we can use this invariant in Theorem 2.1. It will also be very interesting to study the concavity of M CY . To study these problems, we need know more about the family of constants c Φ,ω in the definition of M CY .
A general approach
This section comes from a suggestion of Mattias Jonsson. Let C ⊆ V be a proper convex cone of a real vector space. Let u : C → R + be a continuous function. Let p > 1 be a constant. Let C ∨ ⊆ V * be the dual of C. In general, we can define the dual of u in the following way: where C ≥1 = {y ∈ C| u(y) ≥ 1}. Since u 1/p is concave, C ≥1 is a convex closed subset of C. In our definition of vol N for 1-cycles over compact Kähler manifold, we have C = K, u = vol and p = 1/n. For 1 < k < n − 1, let N k ∈ H k,k BC (X, R) be the cone generated by d-closed positive (k, k)-currents. It will be interesting if one can generalize this kind of construction of volume to N k , thus define a volume functional for general k-cycles. Principally, we first need to define a function u on some kind of smooth positive (n − k, n − k)-forms. However, unlike the case for the cone N , the structure of the dual of N k is not clear (and indeed this problem is still widely open). As a starting point, it will be very interesting to carry out the above general approach over toric varieties.
